10-Mavzu. Juft, toq va chegaralangan, monoton funksiyalar. Teskari funksiya, funksiyalarning kompozitsiyasi.
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Monoton funksiyalar.[footnoteRef:1] [1:  Сlaudio Canuto, Anito Tabacco. Mathematical analysis I.41-p] 







1-ta’rif. Agar  to’plamdan olingan ixtiyoriy  lar uchun  tengsizlikdan  tengsizlik kelib chiqsa, funksiya  to’plamda o’suvchi deb ataladi.
Bunday funksiyalarni qat’iy o’suvchi deb ham yuritiladi.






2-ta’rif. Agar  to’plamdan olingan ixtiyoriy  lar uchun  tengsizlikdan  tengsizlik kelib chiqsa,  funksiya  to’plamda kamayuvchi deb ataladi.
[image: ]
Bunday funksiyalarni qat’iy kamayuvchi deb ham yuritiladi.







3-ta’rif. Agar  to’plamdan olingan ixtiyoriy  lar uchun  tengsizlikdan , tengsizlik kelib chiqsa,  funksiya  to’plamda kamaymovchi (o’smovchi) deb ataladi.
Mana shu to’rt xil funksiyalar bir so’z bilan monoton funksiyalar deyiladi.







1-misol.  funksiya  da o’suvchi. Haqiqatan, bo’lsin, u holda .




Demak  bo’lganda  bo’ladi.
Chegaralangan va chegaralanmagan funksiyalar.









4-ta’rif. a) Agar  funksiya  to’plamda aniqlangan bo’lib, uning qiymatlar to’plami  yuqoridan chegaralangan bo’lsa, u holda  funksiya  to’plamda yuqoridan chegaralangan deyiladi. Demak, shunday  son mavjud bo’lib, ixtiyoriy  lar uchun  tengsizlik bajarilsa,  funksiya yuqoridan chegaralangan bo’ladi.








b) Agar  funksiya  to’plamda aniqlangan bo’lib, uning qiymatlar to’plami  quyidan chegaralangan bo’lsa, u holda  funksiya  to’plamda quyidan chegaralangan deyiladi. Demak, shunday b son mavjud bo’lib, ixtiyoriy  lar uchun  tengsizlik bajarilsa,  funksiya quyidan chegaralangan bo’ladi.

5-ta’rif. Agar  funksiya X to’plamda ham quyidan, ham yuqoridan chegaralangan bo’lsa, u shu to’plamda chegaralangan funksiya deyiladi. Yuqoridan chegaralangan funksiyaning grafigi, biror to’g’ri chiziqdan pastda, quyidan chegaralangan funksiyaning grafigi biror to’g’ri chiziqdan yuqorida joylashgan bo’ladi.



6-ta’rif. Agar  funksiyaning qiymatlar to’plami  yuqoridan (quyidan) chegaralanmagan bo’lsa, u holda  funksiya yuqoridan (quyidan) chegaralanmagan deyiladi.




2-misol.  chegaralangan funksiya.  funksiya  da chegaralanmagan, chunki  chegaralanmagan to’plam.
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Juft va toq funksiyalar.[footnoteRef:2] [2:  Сlaudio Canuto, Anito Tabacco. Mathematical analysisI.42-p and 47-p] 



7-ta’rif. Agar ixtiyoriy  uchun  bo’lsa, u holda X to’plam simmetrik to’plam (O nuqtaga nisbatan) deyiladi.





3-misol.  , ,  lar simmetrik to’plam bo’ladi. ,  to’plamlar simmetrik to’plam emas.


Aytaylik  funksiya  simmetrik to’plamda berilgan bo’lsin.



8-ta’rif. Agar ixtiyoriy  uchun  bo’lsa, u holda  juft funksiya
deyiladi.	



9-ta’rif. Agar ixtiyoriy  uchun  bo’lsa, u holda  toq funksiya deyiladi.
[image: ]



Juft funksiya uchun  bo’lgani sababli, uning grafigi ordinata o’qiga nisbatan simmetrik bo’ladi. Toq funksiya uchun  bo’lgani sababli, toq funksiyaning grafigi koordinata boshiga nisbatan simmetrik bo’ladi. Shuning uchun, juft funksiyalar grafigini chizishda, grafikning  ga mos kelgan qismini chizish kifoya. Grafikning ikkinchi qismi esa, shu chizilgan grafikni ordinata o’qiga nisbatan simmetrik almashtirish yordamida hosil qilinadi. Toq funksiyada ham shunday bo’ladi, faqat simmetrik almashtirish, koordinatalar boshi 0 ga nisbatan olinadi. SHunday funksiyalar borki, ularni toq ham, juft ham deb bo’lmaydi.

4-misol. .
Simmetrik to’plamda aniqlangan ixtiyoriy f(x) funksiyani toq va juft funksiyalarning yig’indisi ko’rinishida yozish mumkin.
Davriy funksiyalar. Funksiyalarning asosiy xossalaridan biri davriylik bo’lib, ko’pchilik bu tushunchani ishlatayotganda funksiyaning aniqlanish sohasiga eotibor bermaydi. Biz, davriy funksiya tushunchasi o’zining aniqlanish sohasi davriyligi bilan bog’liq holda o’rganilishi zarurligini taokidlab qo’yamiz.

Aytaylik,  to’plam berilgan bo’lsin.





10-ta’rif. Agar  va har bir  uchun  va  bo’lsa, u holda 

davriy to’plam va  uning davri deyiladi.
Davriy to’plamning eng kichik musbat davri uning asosiy davri deyiladi.


5-misol.  davriy to’plam bo’lib, ixtiyoriy l soni uning davri bo’ladi. Haqiqatan, ixtiyoriy  bo’lishi ravshan. Bu to’plamni asosiy davri mavjud emas.



6-misol.  Barcha butun sonlar to’plami  ham davriy to’plam bo’lib, ixtiyoriy  butun son uning davri bo’ladi. Bu to’plamning asosiy davri  ga teng.
















7-misol. Barcha ratsional sonlar to’plami  davriy to’plam bo’ladi. Ixtiyoriy  ratsional son uning davri bo’lishi ravshan, chunki har bir  ratsional son uchun  lar ham ratsional son bo’ladi. Hech bir irratsional son  uchun davr bo’la olmaydi. Haqiqatan, agar  irratsional son va  ratsional son bo’lsa, u holda  larning har biri irratsional son bo’ladi, ya’ni . Davriy to’plam ta’rifidan ko’rinadiki, agar  soni  to’plamning davri bo’lsa, u holda  sonlarning har biri ham  to’plamning davri bo’ladi. Ya’ni, ixtiyoriy  va har bir  natural son uchun  bo’ladi. Bundan davriy to’plamlarning quyidagi xossasi kelib chiqadi.


Aytaylik  funksiya berilgan va uning aniqlanish sohasi  bo’lsin.







11-ta’rif. Agar biror  son va ixtiyoriy  uchun ,  bo’lib,  tenglik o’rinli bo’lsa, u holda  funksiya davriy funksiya,  uning davri deyiladi.


Ta’rifdan ko’rinadiki,  funksiya  davrli davriy funksiya bo’lishi uchun


a) uning aniqlanish sohasi bo’lgan  to’plam  davrli davriy to’plam bo’lishi,


b) ixtiyoriy  uchun  tenglik o’rinli bo’lishi kerak.

Agar shu shartlardan birortasi buzilsa, u holda  funksiya davriy funksiya bo’lmaydi.
Davriy funksiyaning eng kichik musbat davri (agar u mavjud bo’lsa), uning asosiy davri deyiladi
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Teskari funksiya[footnoteRef:3]. [3:  Сlaudio Canuto, Anito Tabacco. Mathematical analysisI.38-39p] 
















Faraz qilaylik   funksiya  to’plamda berilgan bo’lib,  to’plam uning barcha qiymatlar to’plami bo’lsin. Agar  dan olingan har bir  uchun  to’plamdagi  tenglikni qanoatlantiruvchi  faqat bitta bo’lsa, u holda har bir  uchun  tenglikni qanoatlantiruvchi  ni mos qo’yamiz. Natijada  to’plamda aniqlangan  funksiyaga ega bo’lamiz, bu funksiya  funksiyaga teskari funksiya deyiladi. Teskari funksiyani  orqali ham belgilanadi.
[image: ]

8-misol. 


 funksiya  funksiyaga teskari funksiya bo’ladi.









Odatda  argument,  funksiya deb qaralnganligi uchun  funksiyaga teskari bo’lgan  funksiyani topganimizdan keyin  va  larni o’rinlarini almashtirib  funksiyaga ega bo’lamiz.  funksiya  funksiyaga teskari funksiya deb qaraladi.




9-misol.  ,   ,   ,               




Demak,     funksiya    funksiyaga teskari funksiya bo’ladi. Umuman,  va  funksiyalar o’zaro teskari funksiyalar bo’ladi. Ularning grafiklari 1- va 3- chorak bissektrisalariga nisbatan simmetrik bo’ladi.
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Funksiyalarning kompozitsiyasi (murakkab funksiya)[footnoteRef:4]. [4:  Сlaudio Canuto, Anito Tabacco. Mathematical analysisI.43-44p] 

[image: ]










Agar  funksiya  sohada  funksiya  sohada aniqlangan bo’lsa, u holda  funksiyani  sohada aniqlangan murakkab funksiya yoki  bilan  ning kompozitsiyasi deyiladi va  orqali belgilanadi, ya’ni 



11-misol. . Bunda  funksiya  da aniqlangan murakkab funksiyadir.
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A map with values in Y is called onto if im f = Y. This means that each y € Y
is the image of one element z € X at least. The term surjective (on Y) has the
same meaning. For instance, f : R — R, f(z) = ax + b with a # 0 is surjective
on R, or onto: the real number ¥ is the image of z = yT‘b. On the contrary, the
function f : R — R, f(z) = z? is not onto, because its range coincides with the
interval [0, +00).

A function f is called one-to-one (or 1-1) if every y € im f is the image of a
unique element ¢ € dom f. Otherwise put, if y = f(z;) = f(z2) for some elements
Z1,Z2 in the domain of f, then necessarily x1; = 9. This, in turn, is equivalent to

T #Fzr2 =>  f(z1) # f(z2)

for all 21,z € dom f (see Fig.2.6). Again, the term injective may be used. If a
map f is one-to-one, we can associate to each element y in the range the unique z
in the domain with f(z) = y. Such correspondence determines a function defined
on Y and with values in X, called inverse function of f and denoted by the
symbol f~. Thus

z=f"y) <= y=[(x)
(the notation mixes up deliberately the pre-image of y under f with the unique

element this set contains). The inverse function f~' has the image of f as its
domain, and the domain of f as range:

dom f~! =im f, im f~! = dom f.





image73.png
A one-to-one map is therefore invertible; the two notions (injectivity and invert-
ibility) coincide.

What is the link between the graphs of f, defined in (2.1), and of the inverse
function f=!? One has

(Y ={@f W) eY=xX : yedomf}
={{(f(z),z) €Y x X : z € dom f}.

Therefore, the graph of the inverse map may be obtained from the graph of f by
swapping the components in each pair. For real functions of one real variable, this
corresponds to a reflection in the Cartesian plane with respect to the bisectrix
y =z (see Fig. 2.7 a) is reflected into b)). On the other hand, finding the explicit
expression z = f~1(y) of the inverse function could be hard, if possible at all.
Provided that the inverse map in the form z = f~!(y) can be determined, often
one prefers to denote the independent variable (of f~!) by z, and the dependent
variable by y, thus obtaining the expression y = f~!(z). This is merely a change
of notation (see the remark at the end of Sect.2.1). The procedure allows to draw

the graph of the inverse function in the same frame system of f (see Fig. 2.7, from
b) to c)).

dom |
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2.5 Composition of functions

Let X,Y, Z be sets. Suppose f is a function from X to Y, and g a function from

Y to Z. We can manifacture a new function h from X to Z by setting

h(z) = g(f(x)).

(2.9)

The function A is called composition of f and g, sometimes composite map,

and is indicated by the symbol h = go f (read ‘g composed (with) f’).




image98.png
Example 2.9

Consider the two real maps y = f(z) =z — 3 and z = g(y) = ¥ + 1 of one real
variable. The composition of f and g reads z = h(z) = go f(z) = (z—3)?+1. [

Bearing in mind definition (2.9), the domain of the composition g o f is deter-
mined as follows: in order for = to belong to the domain of g o f, f(z) must be

defined, so z must be in the domain of f; moreover, f(x) has to be a element of
the domain of g. Thus

redomgo f = redomf and f(z)e domag.
/R J J ) 4

The domain of g o f is then a subset of the domain of f (see Fig. 2.10).
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Definition 2.6 The function [ is increasing on [ if, given elements xy, s
in I with 1 < xo. one has f(a1) < f(r2); in symbols

V), 20 € 1, zi<2a = filz1) < fil2a): (2.7)

The function [ 13 strictly increasing on [ if

Ve, z2 € 1, T <z2 = [flr1) < flx2). (2.8)
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Definition 2.11 Let f:dom f C R — R be a map with a symmelric domain
with respect to the origin, hence such that x € dom f forces —x € dom f as
well. The function f is said even if f(—z) = f(z) for all z € dom f, odd if
f(—z) = —f(x) for all x € dom f.
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i) The map f : R — R, f(z) = az + b, is strictly increasing on R for a > 0,
constant on R for a = 0 (hence increasing as well as decreasing), and strictly
decreasing on R when a < 0.

ii) The map f:R — R, f(z) = z? is strictly increasing on I = [0, +-c0). Taking
in fact two arbitrary numbers z;,z2 > 0 with z; < 2, we have :vf <z1x9 < :v%
Similarly, f is strictly decreasing on (—o0,0]. It is not difficult to check that
all functions of the type y = z™, with n > 4 even, have the same monotonic
behaviour as f (Fig.2.9, left).

111) The function f : R — R, f(z) = z* strictly increases on R. All functions like
y = z" with n odd have analogous behaviour (Fig. 2.9, right).

V) Referring to Examples 2.1, the maps y = [z] and y = sign(z) are increasing
(though not strictly increasing) on R.

The mantissa y = M (z) of z, instead, is not monotone on R; but it is nevertheless
strictly increasing on each interval [n,n + 1), n € Z.

Figure 2.9. Graphs of some functions y = 2™ with n even (left) and n odd (right)




image34.wmf
xX

Î


oleObject56.bin

image35.wmf
xX

-Î


